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Abstract 

Suppose /,( is a partition of n and A a composition of n, and let S^, M'* denote the Specht 
module and permutation module defined by Dipper and James for the Iwahori-Hecke algebra 
^ of the symmetric group W„. We give an explicit fast algorithm for expressing a tableau 
homomorphism '■ ^ M'^ as a linear combination of semistandard homomorphisms. 
Along the way we provide a utility result related to removing rows from tableaux. 

1 Introduction 

Throughout this paper, F is an arbitrary field and qis a fixed non-zero element of F. Given a 
positive integer n, W„ denotes the symmetric group of degree n and J^n denotes the Iwahori-Hecke 
algebra of W„: this is the unital associative F-algebra with generators Ti, . . . , T„_i and relations 

{Ti - q){Ti + 1) = 

TiTj = TjTi 
TiTj+iTi = T,+iT,T,+i 

The representation theory of J^t closely resembles (and informs) the modular representation theory 
of Wn . This theory was first explored in detail by Dipper and James, whose account |DJ1[ we closely 
follow. In particular, they define a 'permutation module' M'^ for each composition A of n, and a 
Specht module S^' for each partition [.i of n. Understanding the structure of Specht modules is an 
important goal in understanding the representation theory of Jif„, and one well-studied aspect of 
this is the examination of -homomorphisms between Specht modules. 

The aim of this paper is to provide a 'straightening' result which yields (as long as q 
-1) a fast algorithm to determine Homjf^(S'', S'^). This result actually concerns the space of 
homomorphisms from S'^' to M'^; an important family of such homomorphisms is labelled by /i- 
tableaux of type A; when q + -1, this family spans the space Hom^ (S^,M'^) |DJ2t Corollary 8.2]. 
Regardless of q, the space spanned by the tableau homomorphisms has a basis consisting of the 
homomorphisms labelled by semistandard tableaux. However, existing proofs of this result involve 



for 1 < z < n-1, 

for 1 < z < 7-2 < n-3, 

for 1 < z < n-2. 
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a loss of information which means that it is not easy to express a given tableau homomorphism 
explicitly in terms of semistandard homomorphisms. In this paper we prove a relation between 
tableau homomorphisms which allows us to do exactly this; this closely resembles the Garnir 
relations which are typically used to straighten elements of the Specht module. 

In the next section, we very briefly recall the background information that we need, referring 
to |DJ1[ for most of it. In Section |3] we prove our Garnir-like relation for tableaux with only 
two rows. In Section |4] we prove the necessary results concerning row removal to show that our 
Garnir relation holds generally. Finally, in Section |5] we give an algorithm for expressing a tableau 
homomorphism as a linear combination of semistandard homomorphisms. 

2 Background 

2.1 Basic definitions 

We take almost all of our notation from | [DJ1| , with only very minor modifications. We provide 
a brief index here of most of the notation, referring the reader to | |DJ1[ for definitions. Homo- 
morphisms are considered in more detail below. Note that we follow |DJ1[ by considering right 
modules and having all functions act on the right. 



Wn 


the symmetric group on {1, . . . , n} 


I 


the (Coxeter) length function on W„ 


A\^n 


A is a composition of n 


A\- n 


A is a partition of n 


A' 


the conjugate partition to A 


Wa 


the standard Young subgroup of W„ defined by A l= n 




the set of minimal-length right coset representatives for Wa in W„ 




the row-equivalence relation on tableaux 




the A-tableau which has 1, . . . , n in order along successive rows, for A l= n 


tA 


the A-tableau which has 1, . . . , n in order down successive columns, for A h 




the permutation such that t'^w^ = 




the Iwahori-Hecke algebra of W„ over F with parameter cj 


Ti, . . .,Tn-l 


the standard generators of J^n 




standard basis element of Jif„, for w e Wn 


xa 




Va 






the 'permutation module' x^^n 




the Specht module XaTio ^i/a'^ 



^n.b. this notation is not defined in [DJU , although this tableau is used there. This notation is standard elsewhere. 
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2.2 Multisets 

In this paper we frequently employ multisets of positive integers. If C is a multiset of positive 
integers, then we write C; for the number of zs in C. Given multisets C, D, we write C U D for the 
multiset with (C U D), = C; + D, for each /. If A is a tableau, we write A' for the multiset of entries 
in row iofA. 



2.3 Quantum binomial coefficients 

Given our fixed q, we write [n] — 1 + q + ■ ■ ■ + q"~^ for any non-negative integer n, and 
[n]\ - YVi^iU]- These expressions are useful in the study of Jif„, since we have [n]\ = L-tuew,, 
Furthermore, if A 1= n, then any w e W„ can be written uniquely as vd with v e W^, d e Qix and 
/(w) = Z(u) + \{d), so we have 



Note that the right-hand side of this expression is a polynomial in q, so makes sense even when 
n/lA;]! is zero. 

If q is an indeterminate and n > r > 0, then we can define the quantum binomial coefficient 

{n]\ 



[r]![n - r]! ' 



In fact, this is a polynomial in q, so we can extend the definition to arbitrary q by defining ["] to be 
the specialisation of this polynomial. 



2.4 Homomorphisms between permutation modules 



We now recall the definitions from [DJU §3] on homomorphisms between permutation mod- 
ules. Throughout this subsection we fix A, /j l= n. 

Recall that a /j-tableau A of type A is row-standard if its entries increase weakly along the rows. 
We write A) for the set of row-standard /j-tableaux of type A. If in addition \- n, then we say 
that a |U-tableau of type A is semistandard if its entries are weakly increasing along the rows and 
strictly increasing down the columns, and we write To (/J, A) for the set of semistandard -tableaux 
of type A. 

Given a /i-tableau A of type A, we define the permutation 1a by specifying that is the 
row-standard A-tableau (of type 1") in which i belongs to row r if the position occupied by i in t^' 
is occupied by r in A. For example, if 



then 



A = 



1 


2 


3 


1 


1 


2 




1 


4 


5 


2 


6 
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so that 1a = (2 4) (3 5 6). 

The map A\-^ 1a defines a bijection from A) to the set <^ ^f7^ of minimal-length (W^, W^,) 
double coset representatives in W„. For later use we record the simple fact that if A e 77(fi, A), then 

Now we consider homomorphisms. If A 6 T^^Cfi, A), then we define an -homomorphism 
cj)A ■■ by 

x^tCpA = ^ Tiy (HI) 

We call this a tableau homomorphism. In the case where /,( is a partition, we write ^a for the restriction 
of (pA to the Specht module S^'. We remark that in more recent literature (pA, (pA are written as @a, 

&A. 

Now we have the following theorem. 

Theorem 2.1. ||DJl} Theorem 3.4], | [DJ2| Corollary 8.7] 

2. I/fi, A 1= n, ^/zen t/ze sei | A € A)} zs a basis for Hom.^,(M^',M'^). 

2. If jj \- n and A \^ n, then the set | ^ £ '7o(M/A)} is a basis for the subspace o/Hom^j(S'^',M'^) 
spanned by jc^A | ^ ^ T^d"/ '^)}- 

3. If fj. \- n, A n and q t -1, then every J^„-homomorphism S'-' — > M'^ can be extended to a 
homomorphism M'^. Hence {(^a | ^ ^ is fl basis for Hom,^j(S^,M'^). 

The focus of this paper is part (2) of the above theorem; we provide an explicit algorithm for 
writing a given homomorphism cpA as a linear combination of semistandard homomorphisms. 
Of course, the proof of Theorem 12. If 2) does yield an algorithm for 'semistandardising' a tableau 
homomorphism, but it is rather slow, even in the symmetric group case q = 1; one must con- 
sider the image of a polytabloid under the different homomorphisms cpA, and keep track of the 
coefficients of various tabloids in these images. Our algorithm involves just manipulation of row- 
standard tableaux, forgetting the underlying homomorphisms. In simple computer experiments, 
our algorithm seems considerably quicker. 

There are several other useful ways to write the image Xj^i(pA- From [DJl} p. 30], we have 

X^^^A = ^'^^Iao- (H2) 

AO- A 

By considering the row permutations sending A to the various A*, we can also write this (following 
IDjTI Theorem 3.4]) as 

Xf^iCpA = xaTi^ Y (^3) 
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where v is the 'composition defined by reading A along rows', i.e. the composition 

m1 4I A^ a'^ A^ /\3 43 \ 

1,^1/ ^2' ^3' • • • /^l'^2'^3' ■ • ■ /^l/^2' ■ ■ ■'■ 

We will often use the expression (H3), and write the term Y.ive%,r\W^w as \A). 
Symmetrically, we have 

where n is the composition 

m1 42 /i3 /\1 /i2 43 a1 a1 \ 

. . . , " ' ' '^3'^3' ■■■>■ 

We shall write the factor Lioesj-inwi^^i' ^^1- 

Our main interest is in understanding linear combinations L/=i Ci<^Ai (where Ai, . . . , € A) 
and Ci, ...,c,- € F) for which LLi '-'^^z ~ ^- Since S/^' is generated by x^Jlyj^y^^i , this condition 
amounts to saying that Yl\^\ CiX/^iCpAi is annihilated by T-iu^tyy.'- 



3 A Garnir-type relation for tableaux with two rows 

Now we come to our main result. We begin with tableaux having only two rows. 

Theorem 3.1. Suppose p - {m,n - m) is a partition, and R,S,T are multisets of positive integers with 
\R\ + |S| + \T\ = n and \S\ > m. Let S he the set of all pairs (U, V) such that S = U UV and \U\ = m - \R\. 
For each {U, V) € S, let A[U, V] denote the row-standard p-tableau with 

A[U, y]^ = _R U U, A[U, = T U V. 

Then 

L n["'r']['''r']n''"'"'^^''''*^i-,=o. 

(U,V)eS i i<j 

An example of this theorem is given in Section |5l The way we prove the theorem will be to 
express the given homomorphism (extended to Mf) as a composition such that ^\st' - 0. To do 
this, we need a few simple results concerning composition of tableau homomorphisms. Some of 
these are probably known, but we prove everything in order to keep our account self-contained. 



Our first result shows how to use a tableau of the form |1|1|--- |1|2|--- |2| to merge two 
rows of a tableau. 

Proposition 3.2. Suppose E, - {r,m-r) is a two-part composition ofm, and C is a row-standard E,-tableau 
of type a i= m. Let B be the unique row-standard {m)-tableau of type E, and A the unique row-standard 
{m)-tableau of type a. Then 
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Proof. Equation (HI) shows that for a row-standard (m)-tableau D of any type, we have 
So we just need to show that x^m)Cl)B<pc is the appropriate scalar multiple of X(^). We have 

X{m)(pB =X^'^Tu, 



by (H3), while (H4) gives 



we9-''-nWa 



where n is the composition (C|, Cf, C^, C^, Cy Cy ...). So 

To evaluate this expression, we use the fact that r„;X(OT) = c^^^^x^m) for w e W„. The length of Ic is 
Yui^j C^jCj, and since < Wa, we have 



The result follows. □ 
The next result is a more complicated version of the result above. 

Proposition 3.3. Suppose (r, u, v, t) is a composition ofn. Let Che a row-standard {r, u, v, t)-tableau of type 
A t= n, and let B be the row-standard {r + u,v + t)-tableau in which there are r Is and u 2s in the first row, 
and V 3s and t 4s in the second. Let A be the row-standard {r + u,v + t)-tableau with = \J and 
A^ = C^u C^. Then 

r^hr^hrr cic^+dcf 



Proof. Since Ig = 1, (H3) gives 

X{r+u,v+t)'pB — X(r^u,v,t) Tw 

and (H4) gives 

X(r,u,v,t)'Pc = ^ TwTlcX(r,u,v,t)' 
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where n is the composition (Cj, Cy C^, C^, C^, C\, C\, C^, Cy Cy Cy Cy... ). So 

X(r,u,v,t)(pB(pC = TwTlcHr, U,V,t) / , T-u,. 

weS'-'^nW^ ^£%,u,v,t)<^W{r+u,v+t) 

Ti^ factorises as Ti^Td' where d e W(y+„^j,+f), so the above expression becomes 

where p is the composition {A^,A^,A^,A2, . . .), and l{d) = Yji<j{CjC^ + C^C^). Now 1a conjugates 
the pair (Wn, Wp) to the pair {Wa, W^), where 



rr = (C^ C*^ T"* ) 

^ V*^!' 1' 2' 2' 3' 3' * ■ * ' 1' 1' 2' 3' 3' ■ ■ ■ 



'3 ,-4 /-3 /-4 /-3 



T — {A^, Ay . . . ,AyA2,Ay . . .), 



2 a2 a2 



and this gives 

Wt: is contained in W(^+„,j,+t), so 

^^T-^X(r+u,v+t) — ^ '^(r+«,o+f) — 1 1 [ ] [ ]^(r+«,o+f) • 



So we have 



we 

dc^+c^c* 



□ 



The next result effectively enables us to split a row of a tableau in two, using a tableau of the 
form 



1 


1 




1 


1 




2 


2 




2 


2 


2 


2 




2 


2 




3 


3 


••• 3 


3 







Lemma 3.4. Suppose (r, m, f) is a composition ofn, and let D be the unique (r, u, v, t)-tableau in which the 
entries in row 1 are equal to 1, the entries in rows 2 and 3 are all equal to 2, and the entries in row 4 are all 
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equal to 3. Let Ebe a row-standard (r, u-\-v, t)-tableau of any type, and let C he the set of all row-standard 
(r, u, V, tytableaux C such that 

= £^ C^UC^ = E^, = El 

Then 

(pD(pE = ^ (pc- 

CeC 

Proof. We have X(^r,u,v,t)<pD = x^r,u+v,t), so by (H2) 

^r,u,v,t)4>D4>E = ^ Ti^^, 

where A is the type of E. But it is easy to see that 

{l£»| E*~E} = y{lo| C~C} 
CeC 

SO 

X{r,u,v,t)<pD(pE = ^ ^ Ti^, ^ 1]( 2]( "^^c^ = 

CeCC'~C CeC C-C CeC □ 

The preceding results allow us to express the homomorphism of Theorem |3.1| as a composition 
of homomorphisms indexed by row-standard tableaux. 



Proposition 3.5. Suppose R,T,S,S are as in Theorem |3J1 and let r = |R|, s = |S|, t = \T\, u = m - r, 
V = n - m - t. Let E he the row-standard (r,s,t)-tahleau which has (E^,E^,E^) - {R,S,T), let B he the 
{r + u,v + tytahleau from Proposition 13.31 and let D he the (r, u, v, t)-tahleau from Lemma \3A\ Then 

<pb<po,p.= z n["'ri''r'in'"'"""""c-i".''i- 

{U,V)eS i i<i 
Proof. From Lemma l3!4l we have 

CeC 

each tableau CeC satisfies (C^, C^, C^, C^) = {R, U, V, T) for some pair {U,V) € S. When we 
compose (pB with (pc using Proposition |3.3[ the tableau A we obtain is precisely A{U, y], and the 
coefficient of (pA is the coefficient of (pA{u,v] in the proposition. □ 

Proof of Theorem l3.1l Using Proposition l3.5[ we must show that the composition (pB(pD(pE kills S^'. 
In fact, we will show that (pB(pD kills Sf. The codomain of (pB(pD is the permutation module M^^'^'^\ 
while the Specht module S^^ is generated by x^iTm^^y^i', so it suffices to show that h&'^'^^y^i' = 0. But 
this is straightforward: M*''^'*' is spanned by elements X(^r,s,t)Td which correspond to (r, s, i)-tabloids 
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(this correspondence is introduced on [DJU p. 31]). If u is an (r, s, ^"tabloid, then because s > in 
there must be some pair {i, which lie in the same column of t^, and both lie in the second row 
of u. y^> may be factorised as (1 - q~^Tj)h, and the fact that both lie in the same row of u 
means that uTj - qu. Hence uy^' - u{l - q~^Ti)h = 0. □ 

Remark. The argument used here to show that M^^'^'^^yf^' = is a special case of [DJl} Lemma 4.1] 
which shows that M^y^' - whenever v' ^ \i' . 

4 Row removal 

In this section, we prove a result which allows us to apply our Garnir-type relation to tableaux 
with more than two rows. Using the results of this section, we will be able to prove a rj-analogue 
of MFMl Lemma 4], which essentially says that given a linear relation between homomorphisms 
(\)A, we can add a fixed combination of rows to each of the tableaux and preserve the relation. 

We remark that row-removal for tableau homomorphisms has been considered at length, by 
the author and Lyle |!FL1| for the symmetric group, and by Lyle and Mathas |,LMJ for the Hecke 
algebra. However, the result we prove here seems not to have appeared before. 

We need to introduce some more notation. Given m < n and < r < n - m, we define the 
homomorphism : M'm — > by T, Ti+r. So Fq is the usual embedding of J^, in Jlf„. Clearly 
we have F, Fs = F,.+s for any r, s. We will also occasionally use F,- to denote the corresponding map 

W,„ ^ Wn. 

4.1 Adding a row at the top 

The main result we want to prove here is the following. 

Proposition 4.1. Suppose p \- n and A i= n, and A\, ...,Ar are row-standard p-tableaux of type A which 
are identical in row 1. Write p. - {p^, P3,--- ), and let Ai, ...,Ayhe the p-tableaux obtained by deleting the 
first row from each ofAi, . . .,Ar. Ifci, ...,Cr^¥are such that ^,1=1 ^i^Ai ~ ^' ^Li ^i^Aj = 0. 

In order to prove Proposition l4.1[ we make two comparisons: 



we compare with Xj^cp^, for a row-standard /j-tableau A; 
• we compare the term Tiu^,y^' which defines the Specht module with Twf,yji'- 

Proposition 4.2. Suppose A is a row-standard p-tableau of type A. Write p = {p2, P3,--- ), and let A be 

the p-tableau obtained by deleting the first row of A. Let A be the type of A. Then we have 

x^i(pA^hT^,^{xp(p^) 
for some h e depending only on p, A, A. 
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The way we prove Proposition l4.2l is to express cpA as a composition of tableau homomorphisms. 
Let B be the /^-tableau which is obtained from A by replacing every entry in the first row with a 
1 and adding 1 to every entry below the first row, and let C be the tableau whose first row is the 
same as the first row of A, and whose zth row consists of A;-i (/-l)s, for i > 2. Note that both the 
type of B and the shape of C equal the composition k = (/ii, Ai, A2, • . • )• 

Example. Suppose ji - (4, 4, 2, 1), A = (3, 4, 2, 1, 1) and 



A = 



1 


2 


3 


3 


1 


2 


4 


5 


2 


2 






1 









Then A = (2, 3, 0, 1, 1), and 



B = 



C = 



3 3 



Lemma 4.3. With the notation above, we have (pB(pc - (pA- 
Proof. Using (H3), we get 

x^i(j)B(!)c = xaTi^IQTi^IB). 

Since the entries in the ith row of C are constant for / > 2, we have |C) 6 On the other hand, 
since the entries in the first row of B all equal 1, we have 

So |C) and Tig commute. It is not too hard to see that Ti^Tig = Ti^, and it is immediate from the 
definition of \A) that \C}\B) = |A), so 

Proof of Proposition [4121 We can write Xj^(pc as {QTi^x^, so 

x^i(j)A = x^(pB'pc = (CITi^JticTiglB). 

WehaveX;^ = XA,^)r,,^(x3;); as noted in the proof of Lemma |43l Ti^ is just rf,j(Ti^), and it is immediate 
that |B) = r^,i(|A)). Putting this together, we get 

x^4a = <C|Ti^X(^,j)r^,j (x^^Ti^lA)); 

the tableau C depends only on y., A, A, so the result follows. □ 
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The next thing we need in order to prove Proposition l4.1l is the following. 
Proposition 4.4. Suppose p is a partition ofn, and write p. = {p2, p3, . . .)■ Then 

To prove this, it will be helpful to generalise to skew partitions. For us, a skew partition is an 
ordered pair of partitions (written p/ A) where pi > A, for each i. We define the Young diagram 
[p I A] to be the set difference [/j] \ [A]. We identify two skew-partitions which have the same Young 
diagram, so that for example (3, 2^)/(3,l^) = (2-^, l)/(2, 1-^). If /j/ A is a skew-partition, then we define 
its conjugate {pi A)' to be p' /A'. We say that a skew partition p is obtained from a skew partition 
p by translation if for some /, / we have [p] = ^(r + i,c + j) | (r, c) 6 For most purposes p and p 
can be treated as equal in this case. 

If /J is a skew partition, then the tableaux f^', t^,, and hence the permutation f„ can be defined in 
the obvious way, and so can y^,' . Note that if /j is a skew-partition obtained from p by translation, 
then IV p = Wp and y^' = y^'. 

Now Proposition l4.4l follows by applying the next lemma pi times. 

Lemma 4.5. Suppose p is a skew partition o/n > 0, and let v he the skew partition obtained by removing 
the first node from the first non-empty row of[p]. Then Tzu^^yi.,' e Ii{Tio^yyi)M'n- 

Proof. Suppose the node removed from {p\ to obtain [v] is (r,c). Then t^ri(H;v) is the standard 
tableau in which the number 1 appears in position (r, c), while the numbers 2, . . . , n appear in order 
down successive columns. So, if the entry at the bottom of column c-1 is m, then w^ - Ii{Wv)w, 
where w is the cycle (m m-1 ... 1). Moreover, we have /(tWfi) = l{Wv) + l{w), so T-^^, - Ti{T-a,,.)Tzv = 
^l{Tw,,)TiT2 . . . Tm-i. 

Now y^' is the commuting product of factors y]^, where y^ - LseW()c)(~'?)~'^^''^s (with \N{k) being 
the group of permutations of the entries in column k of t^,). y^' is the product of factors y\ defined 
similarly. For k > c we have y^ = Yi{y]^), and y^t commutes with Ta,. For k - c, we can factorise 
yjc as ri(y;t)y using right coset representatives, and ri(yjt) again commutes with T^. For k < c we 
have yj- = y^ and Tiuyk = ^i{yk)'^w- And so 

^w^,yll' = ^i{Tw,)Tiv y-t = ri(Ti„J J| Ii{yk)Tzoy e Ii{T^^yy')J^n- 



k k 

Example. Let p = (32,2)/(l), so that v = {3^,2)/{2). ThenH;^ 



□ 







1 


2 






1 


6 




3 


4 


5 


(2 6 3)(5 7) = 


2 


4 


7, 




6 


7 






3 


5 





(1 5 2)(4 6), and 
w^ = T^{Wy){l 3 2). 



We have y^' = yiyiy^, and yv' = yiyiy^,, where 
yi = yi = l-q~^Ti, 

y2 = 1 - q'^Tj,, yi = yi (l - (f^T^ + q'^T^Tsj , 

ys = 1 - q-^Ts, 1/3 = 1- q'^Te = ri(y3). 
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So 



Proof of Proposition 1131 Sf is generated by XyT-^u^^y^i , so we need to show that 



( r 



!=1 



Using Propositions 14.21 and I4.4[ this equals 



/ r \ 

where /j, e J^„- Note that /i is independent of i: because Ai, . . . ,Ar all have the same first row, 
Ai, . . . , all have the same type. So we have 



hi 



V 'i=l 



□ 



The term in the middle is {x^Tm-^y^') YJi^i Ci4>Ai' '^hich is zero by assumption. 

4.2 Adding a row at the bottom 

We now consider a counterpart to Proposition 14. 1 1 in which we remove a row from the bottom 
of a tableau. 

Proposition 4.6. Suppose p.)- n and A 1= n, and let I he maximal such that pi > 0. Suppose A\, . . .,Arare 
row-standard p-tableaux of type A which are identical in row I. Write p. = {pi, ... , pi-i, 0, 0, . . . ), and let 
Ai, ...,Arhe the p-tableaux obtained by deleting the Ith row from each of Ai, . . . ,Ar. If Ci, . . . ,Cr ^ ^ are 
such that Y.l^-^ Ci^Ai ~ ^' ^\=i ^i^Ai = 0. 

This is proved in a very similar way to Proposition I4.lt the proof is in fact slightly simpler, 
because we do not need the functions Fg, and we can more easily avoid skew partitions. So we 
just give the two main propositions which are analogous to Propositions l4.2l and l4.4[ and leave the 
reader to fill in the remaining details. 

Proposition 4.7. Suppose A is a row-standard p-tableau of type A, and let I be maximal such that pi > 0. 
Write p = {pi, . .., pi-i, 0, 0, . . . ), and let A be the p-tableau obtained by deleting the last row of A. Let A 
be the type of A. Then we have 

XpCpA = hXfiCp^ 

where h e J^n depends only on p, A, A. 

Proposition 4.8. Suppose p is a partition ofn, and write p = (pi, . . . , pi,0,0, . . .), where I is maximal such 
that pi > 0. Then 

Tw^,yn' G Tio-^y^'J^n- 
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5 Expressing a homomorphism as a linear combination of semistandard 
homomorphisms 

5.1 Two-part partitions 

We now explain how to use Theorem |3.1| to write a row-standard homomorphism as a linear 
combination of semistandard homomorphisms. We begin by considering two-part partitions. 

Suppose /.i = (ra, n - m) is a two-part partition, and A is a row-standard /j-tableau of arbitrary 
type. If A is not semistandard, then there is some i <^n- m such that the (1, z)-entry of A is at least 
as large as the (2, z)-entry. Suppose the (1, z)-entry equals Now define the following multisets: 

R^[keA^\k<i]- 

S = [keA^\k> i]u[keA^\k<,j\; 

T = [keA^\k> ]]. 

Then |R| < i and |r| ^ n — m — i, so R,S,T satisfy the conditions of Theorem 13.11 Moreover, the 
tableau A arises as A[Uo, Vq], where 

Uo^[keA^\k^ i], Vo^[keA^\k^ i]} 

note in particular that Uq consists of the |!Jol largest elements of S. Note also that all the elements 
of R are strictly less than all the elements of Uq, and the same is true for Vq and T, so the coefficient 
of (pA in Theorem 13. II is 1. 

So Theorem 13.11 allows us to express (pA as a linear combination of homomorphisms (pB, for 
row-standard tableaux B satisfying 

We can repeat the process for each B which is not semistandard, and eventually express (pA as a 
linear combination of semistandard homomorphisms. The above inequality guarantees that this 
process will terminate. 

Example. For this example, we abuse notation and write a homomorphism (^g just as B. Suppose 



A = 



1 


2 


2 


3 


4 


1 


3 


3 


3 





Applying Theorem 13.11 with 

R = 0, S = {1,1,2,2,3,4}, T= {3,3,3}, 



we get 
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Applying Theorem |3. 1 1 again, we have 

= -[2] 



[2] 



1 


1 


2 


2 


4 


3 


3 


3 


3 





+ {l + q-ql 



1 


1 


2 


3 


3 


2 


3 


3 


4 





so that 

5.2 Arbitrary partitions 

Now we consider generalising this to arbitrary partitions, using the results of Section HI By 
applying Propositions 14. 1 1 and 14.61 repeatedly, we obtain the following theorem. 

Theorem 5.1. Suppose p \- n and A n, and 1 < / < m. Let p he the partition {pi, pi+i, ... , p,„, 0, 0, . . . ). 
Suppose A\, . . .,Ar are row-standard p-tableaux of type A which are identical outside rows I, Z+1, ... ,m, 
and let A\, ...,Arbe the p-tableaux obtained by deleting rows 1, . . . , /-I and m+1, m+2, . . . oj A\, . . . ,Ar. 
If c\, . . .,Cr eW are such that E[=i Cicj)^. - 0, then YJi=\ Ci4>Ai = 0. 

Now suppose A is a row-standard /j -tableau. If A is not semistandard, then there must be some 
I such that the tableau A consisting of rows /, l+l of A is not semistandard. Using the algorithm 
described above, we can express (p^ as a linear combination of homomorphisms of the form (pj^ 
where each B satisfies T,keB^ ^ ^ '^keA^ ^- ^PV^Y^^E Theorem 15.11 we can express (pA as a linear 
combination of homomorphisms (ps where each B satisfies 

!>1 keB' !>1 keA' 



So by induction we can express (pA as a linear combination of semistandard homomorphisms. 



5.3 Computing the space of homomorphisms between two Specht modules 

We now explain briefly how to compute the space of -homomorphisms between two Specht 
modules when q —1, which is the main motivation for proving the results in this paper. A more 
detailed discussion of this topic can be found in the paper [,L2J by Lyle. 

Suppose p,A\-n. Theorem 12. ir 2) says that the set 

I A a semistandard fi-tableau of type A| 

is a basis for ¥Lomj^^{Sl-' , M'^) as long as q ^ —1. Since S'^ c M'^, an J^-homomorphism from 
to is simply a linear combination of semistandard homomorphisms whose image lies inside 
the Specht module S'^. Fortunately, there is a straightforward way to check this condition: S'^ 
may be characterised [DJl} Theorem 7.5] as the intersection of the kernels of certain tableau 
homomorphisms ipij from M'^ to other permutation modules M^. Given a tableau homomorphism 
(pA '■ Ml-' M'\ it is known how to compose (pA with ipi^j} this result is ||LT1 Proposition 2.14], 
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generalising the result IIFMl Lemma 5] proved for the symmetric group. However, this composition 
is given as a linear combination of tableau homomorphisms which are not always semistandard 
(even if A is semistandard). Since the set | | A e A)| is linearly dependent in general, this 

can make it difficult to tell whether a given linear combination CA^A^i,j is non-zero. But using 
the results in this paper, one can quickly express this homomorphism as a linear combination of 
semistandard homomorphisms, and hence discover whether it is non-zero. 

So one has a reasonably fast algorithm for computing the space of J^-homomorphisms between 
two Specht modules when q ^ -1. The author has implemented this in a small package for the 
GAP4 system IIGAP2008I . This package has already yielded new results on homomorphisms 
between Specht modules | |FL2llL3llDFl . 
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